Introduction
As is well known, the Bernoulli polynomials are defined by the generating function as follows: B n x dx δ 0,n n 1 δ 0,n ,
It is easy to show that 
From 1.9 , we have Let us assume that m, n ≥ 1. Then, we have
I m 2,n−2 .
1.12
Continuing this process, we get 
1.13
Let J m,n 1 0 E m x x n dx for m, n ∈ Z . Then, we have
Some Identities for the Bernoulli and Euler Numbers
Let us consider the polynomial p x n k 0 B k x x n−k , with n ∈ N. Then, we have
From the properties of the Bernoulli basis for the space of polynomials of degree less than or equal to n with coefficients in Q, p x is given by
Thus, by 2.2 , we get
2.3
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2.4
Therefore, by 2.3 and 2.4 , we obtain the following theorem.
2.5
From the properties of the Euler basis for the space of polynomials of degree less than or equal to n with coefficients in Q, p x is given by
By 2.1 and 2.6 , we get
2.7
Therefore, by 2.6 and 2.7 , we obtain the following theorem.
Theorem 2.2. For n ∈ Z , one has
n k 0 B k x x n−k 1 2 n−1 k 0 n 1 k n k B −k 1 B n−k E k x n 1 E n x . 2.8 6
Abstract and Applied Analysis
Let us take polynomial p x with p x
By the basis set {B 0 x , . . . , B n x } for the space of polynomials of degree less than or equal to n with coefficients in Q, we see that p x is given by
From 2.10 , we note that
2.11
Note that
where B α, β is the beta function. From 2.11 and 2.12 , we have
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For k 1, 2, . . . , n, by 2.9 and 2.10 , we get
2.14
Therefore, by 2.13 and 2.14 , we obtain the following theorem.
Theorem 2.3.
For n ∈ Z , one has
2.15
From the Euler basis {E 0 x , E 1 x , . . . , E n x } for the space of polynomials of degree less than or equal to n with coefficients in Q, we note that p x can be written as follows:
2.16
Thus, we have
2.17
Therefore, by 2.16 and 2.17 , we obtain the following theorem.
Theorem 2.4.
For n ∈ Z , one has 
2.19
It is easy to show that
For k 1, 2, . . . , n, we have
2.21
Therefore, by 2.19 and 2.21 , we obtain the following theorem.
Theorem 2.5. For n ∈ Z , one has
n k 0 B k x k! n − k ! x n−k 1 n 1 ! 1 n 1 ! n−1 1 n− j 1 −1 j−1 n 1 j B j n k 1 2 k−1 k! n−1 k−1 B −k 1 − k 1 ! n − ! 1 n − k ! B k x .
2.22
Remark 2.6. If p x n k 0 b k E k x , by the same method, we get
2.23
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Let us consider the polynomial p x
2.24
2.25
2.26
Therefore, by 2.24 and 2.26 , we obtain the following theorem.
Theorem 2.7. For n ∈ Z , one has
n k 0 n k E k x x n−k n 0 n− j 1 −1 j n 1 j n 1 E j 2 −1 n 1 n 1 E n 1 n k 1 − 1 n 1 n k−1 2 k−1 n 1 k n − k 1 − k 1 E −k 1 2 n 1 n 1 k − 2 k−1 n 1 n 1 k E n−k 1 B k x .
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By the same method, we obtain the following identity:
Let us take p x n−1
where
where H n−1 n−1 j 1 1/j . By the properties of the Bernoulli basis for the space of polynomials of degree less than or equal to n with coefficients in Q, p x is given by
2.32
Thus, by 2.32 , we get
2.33
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2.34
From 2.30 , we have
2.35
Therefore, by 2.32 , 2.34 , and 2.35 , we obtain the following theorem.
Theorem 2.8. For n ∈ N, one has
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We assume that p x n−1
2.37
Finally,
2.39
where 
2.43
2.44
For k 1, 2, . . . , n, one has
2.45
Therefore, by 2.42 , 2.44 , and 2.45 , we obtain the following theorem.
